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Abstract
We show that the low–lying excitations of the one–dimensional Bose gas are
described, at all orders in a 1/N expansion and at the first order in the inverse
of the coupling constant, by an effective hamiltonian written in terms of an ex-
tended conformal algebra, namely the Cartan subalgebra of the W1+∞×W 1+∞
algebra. This enables us to construct the first interaction term which corrects
the hamiltonian of free fermions equivalent to a hard–core boson system.
It is well known [1, 2, 3] that the low–lying excitations of all one–dimensional gapless
models solvable by Bethe Ansatz can be described by an effective hamiltonian
H ∝ 1
N
(L0 + L0), (1)
where N is the number of particles and L0 and L0 are the zero modes of the right
and left Virasoro (conformal) algebra respectively [4]. Recently [5] it has been shown
that also the subleading terms in a 1/N expansion of the Heisenberg and Calogero–
Sutherland models (and of a large class of fermionic models) have an algebraic descrip-
tion in terms of the W1+∞×W 1+∞ algebra, which is a linear and infinite dimensional
extension of the Virasoro algebra.
The prototype of the models solvable by Bethe Ansatz is the one–dimensional
Bose gas [6] with hamiltonian:
HN =
N∑
j=1
 − ∂2
∂x2j
+ 2c ∑
N≥j>k≥1
δ(xj − xk); c > 0, xj ∈ [0, L]. (2)
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Since for large c the Bose gas is equivalent to a gas of free fermions, it is plausible
that the W1+∞ ×W 1+∞ algebra also describes the subleading terms of the effective
hamiltonian of this system; in this letter we shall show that this is so at the first order
in 1/c. In the literature [7, 8] a 1/N expansion of the effective hamiltonian has already
been considered, but there the irrelevant terms were written in terms of primary fields
of the conformal algebra; here we shall show that they can be interpreted as generators
of the Cartan subalgebra of W1+∞ ×W 1+∞.
The energy spectrum of the Bose gas is simply given by:
E =
N∑
j=1
λ2j , (3)
where the pseudo–particle momenta λj satisfy the Bethe equations:
Lλj +
N∑
k=1
θ(λj − λk) = 2piIj; (4)
θ(λ) is a monotonically increasing function of λ:
θ(λ) = i ln
 ic+ λ
ic− λ
 (5)
and the Ij ’s are integers (if N is odd) or half–integers (if N is even) which uniquely
parameterize the solutions of the Bethe equations [9].
Specifically, the set of numbers I0j given by:
I0j = −
N − 1
2
+ j − 1, j = 1, . . . , N (6)
represents the ground state of the system. The numbers I01 = −(N − 1)/2 and
I0N = (N − 1)/2 are called left and right Fermi points respectively.
Let us now consider the low–lying excitations above the ground state that have
zero energy in the thermodynamic limit (N → ∞, L → ∞, ρ0 = N/L =constant).
They can be obtained in three different ways:
• by adding ∆N particles to the system (with |∆N | ≪ N);
• by moving d particles from the left to the right Fermi point (with |d| ≪ N);
• by creating particle–hole pairs at the points (Ij + nN−j+1, Ij) and (Ij − nj, Ij)
on the right and left respectively (with nj, nj 6= 0 only if j ≪ N and 0 ≤
nj , nj ≪ N).
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A generic low–lying excitation, obtained by combining these three processes, is la-
belled by the following quantum numbers:
Ij = I˜
0
j + d− nj + nN ′−j+1, j = 1, 2, . . . , N ′ (7)
where
I˜0j = −
N ′ − 1
2
+ j − 1, j = 1, 2, . . . , N ′ (8)
with N ′ = N +∆N and the integers nj , nj ordered according to:
n1 ≥ n2 ≥ . . . ≥ 0, n1 ≥ n2 ≥ . . . ≥ 0.
We observe that when the coupling constant c tends to infinity, the particles of the
system behave like free fermions, and the Bethe equations can be solved immediately
[10, 11]. We thus choose c large but finite and solve the Bethe equations at the first
order in 1/c, in order to calculate the pseudo–particle momenta and therefore the
energy of the system.
In this way we obtain the excitation energy - related to the three physical processes
described above - at the first order in 1/c and at all orders in the powers of 1/N :
δE = (2piρ0)
2
{
1
4
(
1− 8
3
g
)
∆N +
1
N
[
1
4
(1− 4g)∆N2 +
+ d2 + (1− 2g)(n+ n)
]
+
1
N2
[
1
12
(1− 8g)∆N3 +
− 1
12
(1− 4g)∆N + d2∆N + (1− 2g)
(∑
j
(n2j + n
2
j) + (9)
+ (∆N + 1)(n+ n)− 2∑
j
j(nj + nj)
)
− 2g∆N(n+ n) +
+ 2d(n− n)
]
− 2g
N3
[
1
12
(∆N4 −∆N2) + ∆N
(∑
j
(n2j + n
2
j ) +
+ (∆N + 1)(n+ n)− 2∑
j
j(nj + nj)
)
− (n− n)2
]}
+O(g2),
where:
g = ρ02/c, n =
∑
nj and n =
∑
nj .
To take into account the O(1/N2) correction terms, the effective hamiltonian
(1) must also contain irrelevant terms which we shall show to be generators of the
W1+∞×W 1+∞ algebra. The W1+∞ algebra is generated by an infinite set of currents
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V in, characterized by a mode index n ∈ Z and an integer conformal spin h = i+1 ≥ 1.
These currents satisfy the algebra [12]:
[V in, V
j
m] = (jn− im)V i+j−1n+m + q(i, j, n,m)V i+j−3n+m + . . .+ δijδn+m,0Cd(i, n), (10)
where C is the central charge (that we choose equal to one), the structure constants
q, . . . , d are polynomial in their arguments, and the dots denote a finite number of
terms involving the operators V i+j−2kn+m . We explicitly write some of the equations (10)
for C = 1:
[V 0n , V
0
m] = nδn+m,0
[V 1n , V
0
m] = −mV 0n+m
[V 1n , V
1
m] = (n−m)V 1n+m +
1
12
n(n2 − 1)δn+m,0
[V 2n , V
0
m] = −2mV 1n+m (11)
[V 2n , V
1
m] = (n− 2m)V 2n+m −
1
6
(m3 −m)V 0n+m
[V 2n , V
2
m] = (2n− 2m)V 3n+m +
n−m
15
(2n2 + 2m2 − nm− 8)V 1n+m +
+
n(n2 − 1)(n2 − 4)
180
δn+m,0,
which show that the operators V 0n satisfy the Abelian Kac–Moody algebra Û(1), and
the operators V 1n satisfy the Virasoro algebra [4]. The operators V
i
n close the same
algebra and commute with the V in’s.
W1+∞ algebra representations are built from the highest weight states |Q >, de-
fined by:
V i0 |Q >= f i(Q)|Q >
V in|Q >= 0, ∀ n > 0, ∀ i ≥ 0, (12)
where f i(Q) are polynomials in Q determined by the algebra. The complete highest
weight representation is obtained by constructing all the descendant states of |Q >
[13]:
|Q, {ki} >= V 0−k1V 0−k2 . . . V 0−ks|Q >, k1 ≥ k2 ≥ . . . ≥ ks > 0. (13)
From the algebra (11), the eigenvalues of the operators V i0 on the descendant
states can be calculated obtaining:
V 00 |Q, {ni} >= Q|Q, {ni} >, (14)
V 10 |Q, {ni} >=
[
Q2
2
+
s∑
i=0
ni
]
|Q, {ni} >, (15)
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V 20 |Q, {ni} >=
 Q3
3
+ 2Q
s∑
i=0
ni +
s∑
i=0
(
n2i − (2i− 1)ni
)  |Q, {ni} > (16)
and so on. Analogous equations apply for the V
i
0 operator eigenvalues on |Q, {ni} >.
We can thus write an effective hamiltonian in terms of the Cartan subalgebra of
W1+∞ ×W 1+∞ algebra, which generalizes (1) to all orders of a 1/N expansion:
H = (2piρ0)2
{
1
4
(
1− 5
3
g
)
(V 00 + V
0
0) +
1
N
[
(1− 2g)(V 10 + V 10)
]
+
+
1
N2
[
(1− 2g)(V 20 + V 20)−
1− 3g
12
(V 00 + V
0
0)− 2g(V 00 V 10 + V 00V 10 )
]
+ (17)
− 2g
N3
[
(V 20 + V
2
0)(V
0
0 + V
0
0)− (V 10 − V 10)2 −
1
12
(V 00 + V
0
0)
2
]}
+O(g2).
In fact the eigenvalues of H on the descendant states of the type |Q,Q, {ni}, {ni} >
reproduce the excitation energy (9), calculated by means of the Bethe Ansatz, pro-
vided that Q and Q denote the quantities:
Q =
∆N
2
√
Z
+
√
Zd
Q =
∆N
2
√
Z
−
√
Zd,
(18)
where
√
Z = 1 + g can be interpreted as the compactification radius of a free boson
field in terms of which all the C = 1 W1+∞ ×W 1+∞ algebra representations can be
built [4].
In this way we have proved that the complete effective hamiltonian of the sys-
tem displays a W1+∞ structure: its Hilbert space is described by a set of unitary,
irreducible, highest weight representations of the W1+∞ ×W 1+∞ algebra, which are
known and completely classified [13].
As already noted, when the coupling constant c tends to infinity our model is
equivalent to a fermionic one. Since there is also a fermionic realization of the C = 1
W1+∞×W 1+∞ algebra, we shall be able to construct the interaction term that corrects,
at the first order in 1/c, the hamiltonian of free fermions equivalent to a hard–core
boson system. However the fermionic representation is equivalent to a bosonic one
only when the compactification radius is equal to one. The compactification radius
can be changed by defining a new set of operators W 0l , W
0
l which still satisfy the
Kac–Moody algebra in (11) and [W 0l ,W
0
m] = 0, ∀l, m:
W 00 = V
0
0 cosh β + V
0
0 sinh β, W
0
l = V
0
l l 6= 0
W
0
0 = V
0
0 cosh β + V
0
0 sinh β, W
0
l = V
0
l l 6= 0
(19)
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with tanhβ =
Z − 1
Z + 1
= g + O(g2). The eigenvalues of W 00 and W
0
0 on a descendant
state are now given by (18) with
√
Z replaced by one. A new W1+∞×W 1+∞ algebra
corresponding to unitary compactification radius can then be built by definingW il ,W
i
l
(i ≥ 1, l ∈ Z) in terms of W 0m, W 0m by means of a generalized Sugawara construction
[13]. Then the hamiltonian (17) can be expressed in terms of this newW1+∞×W 1+∞
algebra by a combined use of the generalized Sugawara construction and of (19); we
obtain:
H = (2piρ0)2
{
(1− 2g)N
12
+
1
4
(
1− 8
3
g
)
(W 00 +W
0
0) +
+
1
N
[
(1− 2g)
(
W 10 +W
1
0 −
1
12
)
− 2gW 00W 00
]
+ (20)
+
1
N2
[
(1− 2g)(W 20 +W 20)− 4g(W 00W 10 +W 00W 10 )−
1
12
(1− 4g)(W 00 +W 00)
]
+
− 2g
N3
[
(W 20 +W
2
0)(W
0
0 +W
0
0)− (W 10 −W 10)−
1
12
(W 00 +W
0
0)
2
]}
+O(g2).
The fermionic representation of the W1+∞ ×W 1+∞ algebra enables us to write the
operators W in,W
i
n as fermionic bilinear operators; following the procedures described
in [5], it is possible to see that the effective hamiltonian (20) corresponds to a second
quantized hamiltonian of the form:
H =
L∫
0
dx Ψ†(x)
 − ∂2
∂x2
Ψ(x) +
+
2
cL
L∫
0
dx
L∫
0
dyΨ†(x)Ψ†(y)
 ∂
∂x
− ∂
∂y
2Ψ(x)Ψ(y), (21)
where Ψ is a fermionic field with standard anticommutation relations.
On the other hand, it is easy to see that solving the Bethe equations at the
first order in 1/c and calculating the energy of the system, we obtain the following
hamiltonian:
H =
N∑
j=1
p2j −
2
cL
∑
j,k
(pj − pk)2. (22)
(where pj =
2pi
L
nj represent the fermion momenta), which is the exactly the first
quantized version of the hamiltonian (21).
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